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About this text

Each chapter or subchapter refers to one from Francis Bach’s ” Learning Theory from First Principles” [1],
and proceeds as follows:

Preliminary Definitions: Necessary definitions and theorems for the content in the following chapter,
presented without derivation as definitional.

Derivations and Further Definitions: Key results from the given chapter, presented as an analytic
narrative, proceeding from premises or preliminary definitions to a relevant conclusion.

Proofs: Occasional standalone proofs that support or otherwise engage with the content of the chapter,
topics chosen in large part by guidance from the author’s supervisorﬂ

Discussion: Brief summary of the chapter’s content, builds a textual narrative through the text on the
significance of analytic results.

Proofs and derivations are a combination of material from Bach’s text and secondary sources, and while
the majority of strategies for derivations and proofs are not created de novo by the author, the author
has worked through each step-by-step and endeavored to carefully present all analytic arguments as
complete and well-reasoned without excessive jumps in logic or unstated assumptions. The author has
attempted to demonstrate a consistent body of knowledge on several key results in Learning Theory.

Ch. 1 - Mathematical Preliminaries

Preliminary Definitions
Convexity: A differentiable function F' : R* — R is convex iff:
F(n) 2 F(0) + F'(6)" (n—6), Vn,0eR? (1)

Which is equivalent to a function being at or above its tangent at all points. We can also use a discrete
definition with ¢ : I — R, where I is an interval in R, Vz € I and any A € [0, 1]:

@ (Az1+ (1= A)az) < Ap(21) + (1 = A (22) (2)

Almost Surely: Let (2, F, P) be a probability space. An event E € F happens ’almost surely’ if
P(E)=1.

o-Algebra: Given a sample space (2 of all possible outcomes, a o-Algebra F is the collection of subsets

of € that satisfies:
QeF

AeF=Q\AcF (3)
A, Ay, e F=>UZ A € F

Filtration: F := (F;),cs is a sequence of o-algebras (F;);>o that is non-decreasing, s.t.:
FoCFHC---CF,CF 4)

Martingale: a model of a fair game where knowledge of past events never helps predict future changes.
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A discrete-time stochastic process X = (X, ), >0 is a martingale w/r/t a filtration (F,),>¢ if:

E[X,|] <o V¥n
X, is Fp-measurable (value of X at time n is known at time n) (5)
E[X,+1|Fn] = X, almost surely

Doob Martingale: For an integrable function f(Zi,...,Z,), a Doob martingale sequence (Y;)™_, is
constructed by taking successive conditional expectations w/r/t a filtration F; = o(Z1,...,Z;):

This gives us the boundary conditions: Yy = E[f(Z)] (unconditional expectation). Y, = f(Z) (the
function itself).
The martingale difference sequence V; consists of increments of this process:

Vi =Y, = Y1 = E[f(2)|Fi] - E[f(Z)|Fi-] (7)

Markov’s Inequality: Let X be a random variable that is almost surely non-negative. Then, for every

constant a > 0,
E(X
P(X > ) < 2 ®)
a

Union bound: Given events indexed by f € F, we have

Pl Ar] <D P4y (9)

feF feF

which we can use in upper-bounding the tail probability of the supremum of random variables:

P (Sup Z; > t) =P | J{Zr >t} | <D Pz >0). (10)

fer fer fer

Chernoff Bound is also referred to as the exponential Markov bound. For any random variable X and
parameter t > 0: P(X > a) = P(e!X > €!?). Applying Markov’s Inequality (where our non-negative

variable is e!* and our constant is €/®): P(X > a) < M%T]. Since this holds for all t > 0, we get

) E[etX}
> < —_—
P(X >a) < t11>1(f) o (11)
Some concentration inequalities:
Jensen’s Inequality on R: (see Eq.
If F: R — R is convex and X is a real-valued random variable, then
F(E[X]) < E[F(X)] (12)

Hoeffding’s Inequality:
If Z,..., Z, are independent random variables s.t. Z; € [0, 1] almost surely, then, for any ¢ > 0:

P (711 zn: Zi — % Zn:E[Zi] > t> < exp(—2nt?) (13)
i=1 i=1

and the corollary:
Two-sided Hoeffding’s Inequality:
With the same premise as Eq. [I3}

P ( %iz - %ZW:E[ZZ»]
i=1 =1

> t> < 2exp(—2nt?) (14)



Which can be extended to the assumption that Z; € [a,b] almost surely, leading to

P(izn:Zi—:lzn:E[Zi] >t> SQeXp(—(aQﬁtZ)Z>. (15)

i=1
and which is often used ”in reverse” starting from the probability and deriving ¢ from it as follows: For
any 0 € (0,1), with probability greater than 1 — &, we have

< Ci/QTS \/log <§) (16)

n n

%Zzi - %ZE[ZJ

=1 =1

McDiarmid’s Inequality: Let Z1,...,Z, be independent random variables (in measurable space Z;),
and f: Z" — R a function of bounded variation s.t. Vi € {1,...,n}, and all z1,..., z,, 2} € Z, we have
‘f(zla . '7Zi—1azivzi+17' . wZn) - f(zla .. 'aZi—1721/'7Zi+1; . azn)| S C.

Then )
2t
PUF(ZrseeesZ) =Bl (Za o Zo)] > 0) < 2ep (205 ) (17)

Derivations and Further Definitions

Let X be a random variable with finite mean y = E[X] and finite, non-zero variance o2 = Var(X) and
consider random variable Y = (X — u)?, which is almost surely non-negative. If we apply Eq. [8|on YV’
with constant a = k2, we can see:

P(Y >a) < E[:/]
B - > k) < S
o? =E[(X — p)?]

We note that (X — u)? > k? <= |X — p| > k. This gives us Chebyshev’s Inequality:

[V

B(X —pl> k) < 75 (18)
Take as before n i.i.d. variables Z1, ..., Z, with sample mean Z, = % E?:l Z;. Linearity of expectation

and independence gives us E[Z,] = E[Z] and Var(Z,) = U—: Substituting these values into Chebyshev’s
Inequality with threshold k = ¢ yields:

P(izn:Zi—E[Z]

As n — oo, the upper bound approaches 0, implying that, for a large enough sample size, the probability
of sample mean deviation from the true mean by any € becomes negligible. In the context of machine
learning, if we want to be 1 — § confident that our sample mean is within ¢ of the true mean, we set the

g2 ne?

) Var(Z,) o
el < ———=—7

2
bound % < ¢ and solve for n:
2

Q

n >

<,

62
Proofs

For Jensen’s Inequality, we begin with a discrete case, for x € I, A € [0,1] with Y7 A\ =1
with I as an open interval in R,p: I =+ R



We will assume that the relation Z Aip(z;) > go(z Aix;) holds
i=1 i=1
for n = 2, we have
Arp(w1) + A2p(w2) > @p(Arw1 + Aowa)
and if we take Ao =1 — \;
Arp(@r) + (1= A)e(a2) = p(Azr + (1 = Ar)ae)
which we note to be equiv. to Eq.
for any z,11 € I, A\pr1 € [0,1]
n+1

Qi: Z%—l

n+1

n+1

> qiela) = Z Gip(:) + qn10(n11)
3 =1

1 - A1
= — Aip(z;) + ————o(zn
e ;:1 o(xi) 1+An+1s0( +1)

and as per or assumption, we have :

> i n—“ Ty
> 1+>\n+1 (; ) 1+)\n+1<P( +1)

and we can look to our n = 2 case to arrive at :

1 = Ant1
> - E Nz + —= ¢
_<p<1+>‘"+1 i=1 o I+ At i
which we note to be equivalent to :

n+1
> (Z Qixi> 0
=1

The generalization to the continuous case is not included.

Figure 1: Our predecessor in Danish study of convex functions, Johan Jensen



‘We now move to the Hoeffding’s inequality. We start with
Let (s) = log(Elexp(s(Z — E[Z))))
E[(Z - E[Z]) - exp(s(Z — E[Z]))]
Elexp(s(Z — E[Z]))]
E[(Z —E[Z])* - exp(s(Z — E[2]))] [E[(Z —E[2)) - exp(s(Z — E[2)))]]*

SO =T Rz -EZ)] | Elesp(s(Z - E[Z))

These expressions can be parsed effectively with the technique of exponential tilting. For a given
value s, we define a ”tilted” expectation E; as relates to the original density:

exp(sz)f(2)

foz) = Elexp(sZ)]

(19)

With this formulation, typically described as a ”tilted measure”, we find the second derivative of the
log-moment generating function:
¢"(s) = Es[(Z ~ E[2))*] - (E,[Z - E[2]))®
= Vargs(Z — E[Z]) = Vars(Z)

As Z € [0,1], the variance of Z under any probability measure is explicitly bounded. For any random
variable Z € [0, 1]:

Var(Z) = nf E[(Z —v)?] <E[(Z - 1/2)]

= JE2Z 1)) <

N

The last inequality holds as 2Z — 1 € [—1,1] almost surely, which gives us (2Z — 1)? < 1. Therefore,
Vs > 0:

¢ (s) = Vary(Z) <

RNy

By Taylor’s theorem with integral remainder, for s > 0:

]

1
(5) < p(0) + 5¢'(0) + =52 sup ¢"(u) < =
2 u€l0,s] 8

with ¢(0) = 0 and ¢’(0) = 0, we obtain the bound:

82

ols) < = (20)
Hoeffding’s Inequality for the Sum
Let Zy,...,Z, be independent random variables, assume Z; € [0, 1] almost surely for all i = 1,...,n,

and use Z = % Z?zl Z;. For any t > 0, we bound the tail probability:

P(Z —E[Z] > t) = P (exp(s(Z — E[Z])) > exp(st)) (for any s > 0)

_ Blesp(s(Z ~EZ))] (o

exp(st)

Now we compute the numerator using independence. As per Eq. for any variable X € [a,b] with



mean zero, E[exp(AX)] < eXp(M). Applying this with A = s/n and interval size 1:

exp ( Iy - E[zm)

i=1

Elexp(s(Z - E[Z]))] = E

= H]E [exp (%(Zi - E[Zz]))} (by independence)

. s/n)? - 12
< [Tew (“M55) v
"L og2 ns? 52
= exp (; 8n2> = exp <8n2> = exp <8n)

B(Z ~E[Z] > 1) < exp (‘St i Sn)

=

Therefore:

If we optimize over s, the right-hand side is minimized when:

d t+52 tJrS 0 = s" =4nt
_ —8 R = — — = S = 4n
ds 8n 4n

Substituting back:

*\2 1 242
exp | —st + @ =exp [ —4nt® + On7t
8n 8n

= exp(—2nt?)

We conclude: - -
P(Z - E[Z] > t) <exp(—2nt*) Vt>0 O

By symmetry on —Z;, we also have:

P(Z —E[Z] < —t) < exp(—2nt?)

Combining both tails:

P(|Z-E[Z]| > t) < 2exp(—2nt?) O
McDiarmid’s Inequality
Let Z1,...,Z, be independent random variables and f : Z™ — R satisfy the bounded variation property
s.t. changing the i-th coordinate changes the function value by at most c.
We construct a Doob martingale (6) (Y;)7_, w/r/t the filtration @) F; = 0(Z1,..., Z):

Y, = E[f(Zhwan)'-Fi}'

This satisfies the boundary conditions Yy = E[f(Z)] and Y,, = f(2).
We define the martingale difference sequence V; as increments of this process:

Vi=Y; = Yi1 = E[f(Z)|F] — E[f(Z)|Fi-1].

We observe f(Z) — E[f(Z)] = Y_i_, Vi, which allows us to analyze the deviation of the function from its
mean as a sum of martingale differences.

Conditioned on F;_1, V; depends only on the randomness of Z;. Due to bounded variation of f, the
difference between the maximum and minimum possible values of V; is bounded almost surely by c. Since
V; is a martingale difference, E[V;|F;_1] = 0 (see Eq. [7).

We apply the logic of Hoeffding’s Lemma , which bounds the moment generating function of a
bounded random variable with zero mean. For any s > 0 and a random variable bounded in an interval
of size ¢, the expectation of the exponential is bounded by exp(s?c?/8). Applying this conditionally to
the martingale differences we get:

s2c?
Elexp(sV;)|Fi—1] < exp (8)



Using the Chernoff Bound (TT) we look at Elexp(s(f(Z) — ELf(Z)])]:

exp (s z”: Vi>
i=1

Using the law of total expectation and conditional independence of martingale differences:

E

E lexp (si%) =F|FE eXp(SVn)ﬁ exp(sV;) fn_1H

=B

(H exp(s%)) Elexp(sV,)| Foci]

Substituting the bound from Hoeffding’s Lemma:
§2¢2
exp (8) .

Iterating this process for ¢ = n — 1 down to 1, we obtain:

n5262
E[exp(S(f(Z)E[f(@])ﬂﬁexp( ' )

n—1

[T exp(svi)

i=1

<E

Applying the Chernoff Bound, for any ¢ > 0:
P(f(Z) = E[f(Z)] = t) < exp(—st)Elexp(s(f(Z) — E[f(Z)]))]

ns2c?
<exp| —st+ .

8
We optimize the bound w/r/t s. Taking the derivative and setting to 0 yields —t + %25 = 0, which
implies s = %. Substituting this optimal s back into the exponent:

4t t+n62 162 4t2+2t2 2
nc? 8 \n2ct) nez  n2 ne?’

Thus, the one-sided tail bound is exp (*2?2 ) By symmetry on — f, we obtain the two-sided McDiarmid’s

nc?

Inequality,:

P(S(Z) - BIf(2)]] = ) < 2exp (jfc’; ) 0

Ch. 2 - Introduction to Supervised Learning

Preliminary Definitions

Law of total expectation: With X and Y as random variables,
BIX) = B[ELX | V] = [ BIX|Y = y]d(). (1)
Conditional risk: given any =’ € X (i.e., y|r = ), we can define the conditional risk for any z € Y
(as a deterministic function of z and z’):
r(zlz') = E[l(y, 2)|z = 2'] (22)

Expected Risk: Given a prediction function f : X — ), a loss function ¢ : Y x Y — R, and a
probability distribution p on X x ), the expected risk of f is defined as:

R(f) = Ele(y, f(x))] = /X | {0 5@)) dola). (23)

Empirical Risk: Given a prediction function f : X — ), a loss function ¢ : J x J — R, and data
(zi,9;) € X x Y, i=1,...,n, the empirical risk of f is defined as:

R(F) = = S Uy, f(2)) (24)

=1



Derivations and Further Definitions

We can derive from the above

R(f) = E[ElU(y. [y Elly ) Lo = ot ) s B0 q a
For a fixed 2’ € X we erte E. ~p [E[ﬁ(y,f( )) | 2 = 2] | —x | dp(z)

As f(2') is deterministic given 2/, from Eq. [22[ we have: R( f) x')|z")dp(x

To minimize R(f) over all measurable functions f : X — Y, We can minimize over each z’ € X
independently (if we assume X is finite).

We arrive at the Bayes predictor:

L(z) e inE[¢(y, =1] = i ' 25
(@) € argmin ElU(y, 2) | & = o] = argmin (= | o) (25)
and subsequently the Bayes risk, which is the risk of all Bayes predictors:
R =By | nf Ell(.5) | 0 = ] (26)
z€E

We move from this to Excess Risk of a function f : X — Y, from the proposition that the expected
risk is minimized at a Bayes predictor f*: X —»Y, Vi’ € X:
We have

R(f) — R* = R(f) — R(f.)
- / r(F@) ') dp(a’) — / r(fu () 2') dp(a)
X

:/ r(f(z")|x") dp(z /mmr zlz") dp(z') from Eq.’s 25] and [20]

X

= [ [ - mip et e

Excess Risk = R(f) - R* (27)

Any particular value of r(f(z’)|z’) must be at least the value of the minimum over all possible choices,
and will be equal to the minimum iff the predictor is a Bayes predictor.

Next we describe empirical risk minimization with parametrized functions:
Consider a parameterized family of prediction functions fy : X — Y for § € ©. This class of learning
methods aims at minimizing the empirical risk with respect to a 6 € ©:

RUfa) = = o fola). 28)

We define an estimator 6 € arg mingeg 7é(f9) (using Eq. and a prediction function f;: X — Y
We can decompose parameterized excess risk as follows:
given any f € ©, we can write the excess risk of f; (using Eq.’s [23| and [26]) as

R(fy) ~ R = {R(s5) = juf R b+ { ot R(fo) ~ 7. (29)

estimation error approximation error

We make use of the infimum infgeg R(fp) to indicate is the smallest possible expected risk achievable
by any function in the parametric family.

The approximation error is always nonnegative, does not depend on the chosen fj, and depends only on
the class of functions parameterized by 6 € ©. The estimation error is also always nonnegative and is
typically random because the function f; is random. It typically decreases in n and increases when ©
grows.

We continue our abstraction by considering the class of machine learning algorithms A as functions that
go from a dataset, i.e., an element of D, (p) = (X xY)™ Vn, to a function from X — ). We use D, (p) to



indicate the assumption that the data points in D are obtained as i.i.d. observations from some unknown
distribution p from some family P.
We consider an expression of excess risk dependent on p: R, (A(Dn(p))) — R,
Given that D, (p) is random, and that we may not know p, the risk is random. We must nonetheless
endeavor to minimize the excess risk via A as the ultimate goal of Machine Learning.
We measure Expected Error as:

E [Ry(A(D, (p)) (30)

and describe an Algorithm A as Consistent in Expectation (”Consistency”) for p if the Excess Risk
measured using the Expected Error tends to zero as n goes to infinity.

We can relax our conditions to make use of Probably approximately correct (PAC) learning, by
choosing some ¢ € (0,1) and £ > 0 s.t.

P(Rp(A(Dn(p))) — R, <€) =210 (31)

While it may not be possible to achieve optimal risk performance, we hope to find bounds on Excess
Risk for a given set of information.

We can define Asymptotic analysis as results on sample size n — oo, such as that for Consistency
in Expectation, which requires excess risk to tend to zero as m grows. While these results establish
convergence, they do not specify when the behavior begins to apply nor do they guarantee performance
for any specific finite dataset size.

In contrast, non-asymptotic analysis provides explicit upper bounds on error that are valid for any
fixed n, such as that from Hoeffding’s (Eq. inequality, guaranteeing that deviation between empirical
and expected risk exceeds an € with probability at most 9.

Discussion

Here we move from general probability spaces to the specific goal of risk minimization. The decompo-
sition of Excess Risk into Approximation Error and Estimation Error (Eq. is a central focus for
machine learning. It reveals the fundamental trade-off wherein a more complex function class © reduces
approximation error (getting closer to the Bayes Predictor f.) but increases estimation error (harder
to find the best function). Specifically, we established that the Estimation Error is a random variable
dependent on the training data, while Approximation Error is a fixed geometric distance determined by
our choice of class ©. By defining the Bayes Risk R* (Eq. as the irreducible error floor, we set the
target for consistency: our algorithm A must drive the excess risk to zero as n — co.

Ch. 3 - Linear Least-Squares Regression
I will omit some details/derivations of OLS as it is familiar.

Preliminary Definitions

From the text [1] we have:

Lety = (y1,...,%n) | € R™be the vector of outputs (sometimes called the response vector), and ® € R**4
the matrix of inputs, whose rows are ¢(z;)'. It is called the design matrix or data matrix. In this
notation, the empirical ordinary least squares risk is

R(0) =y — 2] (32)

We get
R(H) = % (ly|2 2070 Ty +0"dT®9) and R'(0) = % (@720 - "y).

R () = 0 gives the so-called normal equation:
TP =y (33)

Assuming @ has full column rank, the multidimensional linear normal equations have a unique solution:
f=(@T®) 1oy



If we assume that the input data (x1,...,2,) are not random (but the output data (yi,...,y,) are
themselves random), we can say that we are in the fixed design setting, and our goal is to minimize the
Fixed Design Risk:

%Z ol Ta)] £, |1y - 2013 (34

With the homoscedastic noise assumption
(Vei,i € {1,...,n}, are independent, with expectation E[e;] = 0 and variance E[e?] = ¢?))
we assume there is a vector #, € R? s.t. the relationship between input and output is, for i €

{1,. n} yi = (i) 0. + &
We take v=1 <I>T<I> as the sample covariance matrix. With a linear model assumption in this setting

we have R* = o2 (see Eq. [26) and
* 1 <
R(0) = R = —[|B(0 = 0.)1I3 = (0 — 0.) T5(0 — 0.) = | — 0.1

We can further decompose the OLS expected risk in this context as per Eq. into:

B[R(6)] - R* = B[] - 6.3+ E 16 — EGII] - _-° (35)
————

Bias Variance

. . . . 22
We know that E[f] = 6., var(d) = E [(9 —0.)(0— a*ﬂ = 2§51

We return to the regular random design setting with x and y considered random, and each pair (z;,y;)
assumed i.i.d. from a p on & x R. We maintain assumptions of linearity and homoscedasticity from our
fixed setting.

We then arrive at this expression for expected risk:

R(O)—R* = |0 — 0,]|2 = %2]E [tr (22*1)] (36)

Discussion

In contrast to the abstract function classes from Ch. 2, OLS offers closed-form solutions and exact risk
decompositions. The analysis of Fixed Design versus Random Design settings highlights a significant
distinction: whether we treat our inputs as constants or stochastic variables changes our risk guarantees.
By explicitly calculating the Bias-Variance decomposition (Eq. for Fixed Design OLS, we replace the
general approximation-estimation trade-off with concrete algebraic terms. We derived the exact excess
risk E[R(f)] — R* = %. This result demonstrates that for unregularized linear models, the error scales
linearly with the dimension d and inversely with sample size n, providing a clear benchmark for model
complexity.

Ch. 4 - Empirical Risk Minimization

Preliminary Definitions

Lipschitz continuity in real-valued functions: A real-valued function f : R — R is called Lipschitz
continuous if IK € Rt s.t. V(z1,22) € R:

[f(z1) = f(22)] < Ky — a2 (37)

Holder’s inequality: Let S, %, ;1 be a measure space and let p, g € [1, 00] with % + % = 1. Then for all
measurable real- or complex-valued functions f and g on S:

gl < 1 £1lpllgllq (38)

We take Y = {-1,1}, g : X — R, f(z) = sign(g(x)) with a random sampling from the uniform
distribution over {—1,1} when g(z) = 0. We use ® : R — R to indicate a loss function mapping the
margin v = yg(z) (distance from prediction to decision boundary) to a loss value.

10



We then get the ®-Risk:
Ra(g) = E[®(yg(x))] (39)

There are several Convex Surrogates for ® that avoid our non-continuous (and as such non-convex)
01 risk for f = sign o g (where we randomly sample at g(z) = 0).
We take the following;:

e Quadratic Square Loss:

O(u) = (u—1)? (40)
y' =1
®(u) = (yg(x) - 1)?
(y(g(x) —y))?
= (9(z) —y)?
e Logistic loss:
®(u) =log(1+e™™) (41)

®(u) = log(1 4 e~¥9@))

G ETIC)

= —log (o(yg(z))) for o as the sigmoid fn

¢ Hinge loss:

®(u) = max(l — u,0) (42)
e Squared Hinge loss:
®(u) = max(1 — u,0)? (43)
e Exponential loss:
D(u) = exp(—u) (44)

Derivations and Further Definitions

We take as a proposition (Bartlett et al., 2006): Let ® : R — R be a convex function. The surrogate
function ® is classification-calibrated if and only if ® is differentiable at 0 and ®'(0) < 0.

( This is an interesting proof, i would like to work through it )

We reiterate (i think i said it already) that calibration is a property of the surrogate loss function ® which
ensures that minimizing the (convex) ®-risk leads to optimal predictions for the original, non-convex 0-1
loss.

We return to Eq. in the context of our surrogate functions with a family of prediction functions
F ={f9,0 € ©} for © C R4 and investigate the two elements of the risk in this context.

We start with Approximation Error infc 7 R(f) — R*, which, when we assume that 6* does not belong
to ©, we can further decompose the approximation error into:

Inf R(fo) - R* = { Jnf R(fo) - nf R(fe')} + {eigﬂgﬂ(f@’) - R} (45)

with the right-hand element as the incompressible approximation error due to our model choice.

We finally get into some meat of the learning theory and state that the fn 6 — R(fy) — infgcra R(for)
is nonnegative on R% and can be typically upper-bounded by a specific norm (or its square) (0 — 6.).
We can see our left-hand term as a notion of ”distance” between 6, and ©.

If we assume our loss function £(y,-) is Lipschitz-continuous w.r.t. real-valued fy(x), for(x) such as is
the case in our convex conjugates:

[y, fo(x)) — Ly, for (x))| < Glfo(x) — for(z)]

11



we arrive at a bounded excess risk:

R(fo) = R(for) = E[l(y, fo(x)) — £y, for ()] < GE[|fo(x) — for ()] (46)

We can also look into further decompositions of the estimation error, remaining within linear
models that are bounded by D in 3 norm with G-Lipschitz-losses, which we indicate as F.

Using gr € argminger R(g) as the minimizer of the expected risk and f € arg minser R(f) as the
minimizer of the empirical risk:

R(f) = inf R(f) = R(f) = Rig7)
= {R() =R} + {R() = R(gr) } + {Rigr) - Rlgr) } (47)

We decompose the excess risk into three terms: The deviation of the true risk from the empirical risk
at the empirical minimizer f - R(f) — R(f), The empirical optimization difference - R(f) — R(gr), and
the deviation of the empirical risk from the true risk at the optimal function gz - R(gf) R(gx)-

< sup {R(f) = R(N) } + {R() = R(gr) } + sup {R(F) ~ R()}

feF ferF

< sup {R(/) = RO | +0+ sup {R() = R/ | (48)

feF

We replace two of these terms with the supremum of their maximal difference within F to establish
bounds and note that by definition of f the empirical optimization difference is 0. We can simplify this
if desired to < 2sup;cz [R(f) — R(f)).

We can re-express the difference between the true risk and the empirical risk as the difference between
expectation and empirical average of the loss function

n

R(f) = R(f) = Ble(w, F@)] - = S Ui, £(22))

i=1

We can assume that the training data (z;,y;) are i.i.d., which ensures the individual losses £(y;, f(z;))
are independent RV’s, and that these loss values are almost surely bounded within [0, £,]. We can apply
Hoeffding’s Inequality (Eq.’s[15]- [16) to yield the expression

P(RU) =R 2 1) = P (1 3 Bl o) — - 3 bl ) 2 ) < exp (55 )

for some t. We can set this probability upper bound ¢ to § € (0,1) s.t. with probability at least 1 — ¢:

9,42
6 =exp <€22nt>

—2nt?

logd =

loo
\/7
We can look at applications of the decomposed estimation error when the class of prediction
functions F is finite: Our goal is to bound the uniform deviation of the empirical risk from the true
risk over F: supjer R(f) — R(f)|. We retain the assumption that £(y, f(x)) is bounded almost surely
by o

12



We can take Hoeffding’s inequality with the union bound (Eq.’s which states that the probability
that any event in a finite collection occurs is less than or equal to the sum of the probabilities of the
individual events. Here, the ”event” is that the risk deviation is large for a specific f € F:

p<sup R(f) — ’>t> < Z (‘R (f)’ Zt)

feF

Since there are |F| terms, and each is bounded by the same Hoeffding bound:

P (sup R(f) —R(f)‘ > t) < 2|F|exp (_Z:t2>

fer

We can set this probability upper bound ¢ to § € (0,1) s.t. with probability at least 1 — ¢:

o2
5:2f|exp( Zzt )

e 2|7

:goo\/log(2|}'|)—|—log(1/5)

2n

Which we can separate into two terms:

s [log(2|F|) [log(1/9)
sup R(f)—R(f)‘Séoo — oy T\ T,

where the left-hand term depends on |F| and the right-hand term depends on é. As such we can bound
this supremum of the risk with one term that quantifies model complexity and one term that quantifies
statistical error rate.

Proofs

Exercise 4.5: Show that for © = {§ € R¢,||0||; < D} ({;-norm instead of the f5-norm), we have

inf R(fa) — inf R(fs) < GE[[l(@)]lo] (161 ~ D) (49)
Generalize to all norms.

We take as unstated assumptions built into the exercise that we are using a generalized linear model
fo(x) = 07 p(z) with risk R(fs) = E[{(y, fo(z))] where ¢ is G-Lipschitz and convex.

We attempt to find 0, = arginfycgs R(fp) within R” as well as an optimal fg that satisfies the above
while constrained to © within the ¢ ball of size D. Whenever the minimizer 6, exists, since 6, is the
global minimum, we must have R(fas) > R(fs. ).

We consider two cases:

If 0, € ©, we have ||0.||1 < D and infpco R(fg) — infycra R(fy) = 0.

We note that the RHS uses (2)4 = max(0, z) and as [|0.]l1 < D, (||0«|l1 — D) <0 and (||0|1 — D)+ =0,
so we arrive at a trivial case with 0 < 0.

If 0, € ©, |0.]l1 > D and (]|0«]|1 — D)+ = ||0«]|1 — D. We can rewrite our formula as

inf R(fo) — imf R(fo) < GE[ll¢(@)llc] (16411 — D)

To arrive at a feasible upper bound, we scale 6, to the ¢, ball: § = D”;ﬁ. We verify that 6 lies on the

surface of the ball as [|0]|; = || D2 ool =D Hz ”1 = D through the homogeneity of the £; norm.

As g is arginfgegs R(fg) within © and 6 € ©:
1 = < ~
o R(fo) = R(fos) < R(f3)

13



I we look at Ri(fs) ~ RUJr) = B[i(5. 0" p(2) K00 (2))] < GE 107 () — 0 ()] wert. B
and our GLM assumption, we can simplify the RHS to < GE [|(§ — 6') T ¢(x)|]. By Hélder’s inequality
(Eq. |38) we have |u'v| < ||ul|i|lv]|so and therefore |(0 — 6") T p(x)| < HG 9’||1 |o(2)||co- We note that
16 — H’Hl is deterministic and move it outside of our original term to get GE [|07 p(z) — 6’ T p(x)|] <
GE [llo(@)|Joc] |6 — 0[]

Take § = 6 and ¢ = 6., we have R(f;) — R(fs,) < GE [||<p( )| o] ||0 0. ||1

We simplify (|0 — 6.l = D — 6.l = (g = N6l = L= o) =
16411 — D (with ||64]|1 > D and H9 < 1).
So we have
R(f5) — R(fo.) < GE[[lp(z)|loc] ([[0]l1 — D)

With infoco R(fo) < R(f;) and the (z)4 operator to cover the trivial case, we get

inf R(fy) — inf R(fy) < GE 6.l =D

imE R(fo) ~ inf R(fa) < GE [li(a) o] (16211 ~ D)
To extend this beyond the ¢; norm/ball: © = {6 : ||§]| < D} for any || - ||, we observe that our method

of scaling, the Holder inequality, and our distance measure holds for general norms. [J

Discussion

Moving beyond linear equality, we encounter classification wherein the ideal 0-1 loss is intractable. This
leads us to the introduction of Convex Surrogates (Hinge, Logistic, Exponential). These surrogates
upper-bound the 0-1 loss, allowing us to use efficient optimization algorithms while still guaranteeing
classification success. However, using these richer classes creates a new problem: we can no longer
simply count parameters (d) to guarantee generalization. We addressed this for finite hypothesis classes

| 7| using Hoeffding’s inequality, deriving a specific generalization bound that scales with %. This
connects the cardinality of the function class directly to the probability of large error.

Ch. 4.5 - Rademacher Complexity

Preliminary Definitions

We consider n i.i.d. random variables zi1,...,z, € Z, and a class H of functions from Z to R, s.t.
z = (z,y), H ={(z,y) — é(y,f( ), f € .7-'}, with data D = {z1,22...} We endeavor to provide an
upper bound on sup e z{R(f) — ( )} using a vector of Rademacher random variables e with universal

distribution over {—1,1} independent of D represented as ¢ € R™.

Rademacher complexity of the class H:

(50)

Triangle inequality for the supremum: we start from the standard triangle inequality: |z + y| <
|z| + |y, and then if A and B are functions in #H yielding values in R:

sgp[f(l‘) +g(z)] < Slip[f(x)] + Slip[g(fv)] (51)

Dual norm: Take a vector u, a norm €2, and any vector 6 that is constrained to have a norm less than
or equal to 1 under . The dual norm 2 is defined as

Q*(u) = sup u'f (52)
Q(0)<1

When the original norm is the £,-norm, the dual norm Q* is the ¢,-norm, where p and ¢ are conjugate
exponents satisfying % + % =1 (with p,q € [1,00]).

14



Derivations and Further Definitions

We can extend the Rademacher Complexity into an empirical context. If we fix the expectation to be
only over the Rademacher variables, we have Empirical Rademacher complexity:

sup — Zsz z,] (53)

RH(H): : heH T3

which is computable as it is not dependent on an unknown data distribution. We can use McDiarmid’s
inequality (Eq. on empirical risk, where if h(z) € [0, /] for all h € H, then with probability greater
than 1 —6,Vhe H

I - oo 2
< = ) . Z
<~ ZE:I h(z) + 2R, (H) + 3\/% log 3 (54)

The factor of 3 = 142 comes from applying McDiarmid’s inequality twice, once for supy, <4 {R(h) =R (h)}

and once for R, (H) (with an extra factor of 2 since it appears 2R,,(H)). The derivation of the above is
omitted.

We extend our analysis of Rademacher complexity with insights from Lipschitz continuity (Eq. , with
the proposition that for any functions b,a; : © — R, and any 1-Lipschitz functions ¢; : R — R, the
Contraction Principle holds:

sup { )+ Z €;pi(a; (0 }1 lsug {b(@) + Z eiai(e)}l (55)
€ i=1

This is proved by induction for n from [0,00]. We omit n = 0 as this is trivially valid by equality
and move to a comparison of n, n 4+ 1, n > 0. We assume that the proposition holds for n terms
and examine n + 1. We analyze expectation over €y,...,€,11 by factoring out the expectation w.r.t.
€n+1, using the law of total expectation (Eq. j E X] =E,, . e, []E X |e,.. .,en]]. Let

A(6) = b(0) + 225, €idiai(6))

E.

615‘-~76n+1[ €n+1 [

LHS, 41 —E,, ... [JE [gug {A@©) + en+1<z>n+1<an+1<e>>}ﬂ
S

As ¢4 is assumed to be 1-Lipschitz, the expected supremum involving ¢y,11(an+1(0)) is bounded by
the expected supremum with a,,41(6):

..., |sup {A(8) + en+1¢n+l<an+1<9>>}} <E.,. [sup (A0) + emanme)}}
0cO 0cO

We substitute this into the full expectation

LHSn+1 S Eel ..... €nt1 [SUP { + Z eld)z az + 6nJrlaf'rH»l(a)}‘|

The expression contains n terms involving the 1-Lipschitz functions ¢; and one term involving a,41(6).
We apply the inductive hypothesis to the inner n terms.
using C(0) = b(0) + €p+1an+1(0), we restate:

LHS, 11 <Eq . e, bup —|— el(él a;(0

The inductive hypothesis applies directly: for any baseline C'(f) and n Lipschitz-contracted terms, the
supremum is bounded by the version with uncontracted arguments. Thus:

Ee,,...cn [SUP {0(9) + Zei¢i(ai(9))}1 <Ee,..ocn [Sup {0(9) + Z eiai(G)H
i=1

=E) 6cO =

Taking expectations over €,,; completes the step.
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=Eeyrenir [sup {b(e) +engrani1(0) + eiai(o)H

0co ]

We obtain the RHS:

n+1
LHSni1 <Ee e [Sup {b(e) + eiai(ﬂ)} = RHS, 41
© i=1

s

Let a;(f) = f(x;) be the output of the prediction function f € F on the i-th input. If the loss
£(y,u) is G-Lipschitz, then the function ¢;(u) = éﬂ(yi,u) is 1-Lipschitz (conditional on y;). Applying
the Contraction Principle conditionally on D relates the empirical Rademacher complexity of the loss
functions R, (#) to the empirical Rademacher complexity of the prediction functions R, (F):

1 n
Sup > eif(@i) | D]

i=1

n

sup l Zﬁig(yi,f@i)) | D

feFr i

E‘E SGEE

Taking the expectation over the data D yields the Relation between complexities of loss and pre-
diction classes:
Ry(H) < G- Ru(F) (56)

This tells us that the complexity of the entire hypothesis class expressed through the loss function ()
is bounded by the complexity of the core prediction function class (F), scaled by the Lipschitz constant
G of the loss.

We extend Rademacher complexities into ball-constrained norms, as in Exercise 4.5. We assume that
F = {fo(z) = 0T p(x),Q2(0) < D}, where Q is a norm on R?. We find (proof omitted) using the dual

norm that
R, (F) = %]E [Q*(@e)] (57)

When Q = || - ||2, we get

Ro(F) = % E [[6()I12) (58)

This is convenient in that the bound depends only on the constraint size D, the sample size n, and the
expected squared ¢ norm of the feature vector. It does not explicitly depend on the dimension d of the
feature vector ¢(x) € R%.

Proofs

Given the Rademacher complexity of H defined in Eq. prove that

E [sup {i Z h(z;) — E[h(z)]}

i=1

n
heH =

We begin with the original dataset D and an independent copy D’. As 2} is an independent sample from
the same distribution as z, E[h(z])|D] = E[h(z)]. We assume H, with supj,cs {1 Y1 | k() — E[R(2)]},
is a measurable random variable for each finite sample. We consider sup . ={R(f) — R(f)} as a loss
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expression in the above context and express the expectation

1 n
E [21615 {E[h(z)] - ; h(zi)}

=E Sup{ ZE |DZhZZH

heH

We can combine terms in the sum

=E sup{ ZE zl)|D]H

heH

Considering that the supremum of a family of convex functions

is convex, we have, using Jensen’s Inequality Eq.

up {jl S Ih) - h(zm} | DH

heH =

1 , _
E li‘é%{n;“h(zi) — h(z) |D]} <E|E

and with the law of total expectation Eq.

<E [sup {izw - h(zmH

heH

We introduce a sequence € = (ey,...,€,) of independent Rademacher random variables (¢; € {—1,1}
with P(e; =1) = P(¢; = —1) = 1/2), independent of D and D'. As z;, 2] are i.i.d., (2;, 2]) has the same
distribution as (2}, z;). Therefore h(z}) — h(z;) is symmetric around zero. Multiplymg this difference by
€; does not change the distribution, so the expectation remains equal:

E L??% {i > lh(:h) - h(zn]} —E |sup {i S (=) — (=) H

Lher L7 =1
=K -sup lzn:e-h(z’-) - lEn:eh(z)
hen |nim 7Y onm

Using the triangle inequality Eq. [p1| we can decompose

<E sup{iZeZh( )} sup {—;Zezh(zz)}

Lher (i heH

+E

and using the definition of the Rademacher complexity Eq. [50]

= Rn(H)

=1
we note the symmetrical relationship:
sup — eih(z) = sup —€;)h
sup =3 >
as —e; has the same distribution as ¢;

[5up {—Zez Zl} ZRn(H)

heH

so now we have

heH

sup { Zn: h(z;) )]} < R,(H)+ R,(H) =2R,(H) O

Discussion

To manage infinite function classes, we introduced Rademacher Complexity (R, (H)) as a data-dependent
measure of how well a class can fit random noise. The central element of this is the Symmetrization
Lemma (Eq. , which bounds the expected uniform deviation of empirical risk from true risk by
2R, (H). Furthermore, the Contraction Principle (Eq. allows us to simplify the problem to the
complexity of the prediction functions themselves: R, (H) < GR,(F). These results allow us to bound
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generalization error based purely on the function class’s correlation with noise, rather than its geometric
parameters.

Ch. 4.5.4 - Linear Predictions with Rademacher Techniques

Preliminary Definitions

Cauchy-Schwarz inequality: For all vectors a and b of an inner product space,

|aTb] < lalz[bl2 (60)

Derivations and Further Definitions

As in Eq. we study prediction functions of the form fy(z) = 0T ¢(z), with the assumption that
parameter vector 6 is constrained within a ball of radius D defined by some norm €2

st. F = fo(z) =07 ¢(x),Q(0) < D. We further assume that the expected squared £3-norm of the feature
vector is bounded as follows: E[[|¢(x)||3] < R*. We first attempt to bound the estimation error, with f;
as the empirical risk minimizer over F and inf;cr R(f) as the minimum true risk achievable within F:

E | R(f;) - oL RO
We observe as per Eq.
R(fs) ~ Rlor) < 2sup [R(f) - R(f)]

E[R(f@)— inf R(f)| < 2E | sup [R() — (/)|

fer feF

We can make use of Eq. (9]

E [sup IR(h) — R(R)|| < 2R, (H)
heH J

B | R(;) ~ ol R()| < 4R, ()

We assume £(y, -) is G-Lipschitz-continuous and use Eq.
R,(H) < G- R,(F)

E {R( fa) — J;Q;R(f)} <4GR,(F)

and we take the dimension-independent bound in Eq.

D
Ry (F) = 7 E [l¢(x)]3)]
with the assumption that
Efll¢(2)[3] < R
B |R(;) -~ L R()| <46 28

We derive from this a bounded expression for Estimation error linear predictions:

. AGRD
E[R(fy)] < ||9\1|1212DR(f9) + Tn

(61)
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With similar constraints and assumptions, and the assumption that there is a minimizer 6* of R(f6)
over R? we explore the approximation error

£ R(fs) — R(fe-)

oineD
we use bounded excess risk from Eq.
R(fo) — R(fo) = E[l(y, fo(x)) — L(y, for (2))] < GE[| fo(x) — for (x)l]
and set for = fo+
R(fo) — R(fo~) < GE[|fo(x) — fo- ()]
and as per the linear structure of the models
[fo(w) = fo ()] = |07 d(z) — (67) " p(x)| = (8 — 6%) T p(2))|
R(fs) = R(fo-) < GE[|(6 —6") T p()]]
making use of the Cauchy-Schwartz inequality (Eq. with
a=60—-60", b=¢(x)
(0 —6%)"p(@)] < 16— 62 - lo()]2
R(fo) = R(fo-) < GE[[|0 — 072 - |9(z) 2]
we can move |6 — 6%||2 outside of the expectation
R(fo) — R(fo-) < G0 — 07[|2 - E[[|¢(z) 2]
using Jensen’s inequality (Eq. as ||¢(z)]|2 is a non-negative function
FEX]) <E[F(X)] or (EY])?<E[Y?], E[]<VE[Y2Y =|¢(x)]2

Elll¢(x)ll2] < \/Ell¢(x)]3]

with the assumption that
Efll¢(x)3] < R
R(fo) — R(fo-) < GRI|0 — 67|z

now we take the infimum

inf R — R(fe+) < inf GRIO—0F
oz p U0) ~ Rfo) < inf | GRI6 — 67
<GR inf [|0—6%-
10]2<D
and similar to the proof for Eq. 9]
inf ||6 —0%|2 = (||6"|]2 — D
nt 10 = (16" - D)

We arrive at a bounded expression for Approximation error linear predictions

inf R(fs) — R(fo-) < GR([|07[|]2 — D)+ (62)
0]2<D
We can combine approximation and estimation error bounds into a single Linear Generalization

Bound: AGRD
E[R(f3)] — R(fo-) < GR(||0"[]2 — D)+ + n

Approximation Error ~——
Estimation Error

We arrive at a bounded expression dependent on the Lipschitz constant G of the loss function (sensitivity
of the function to changes in prediction output), the radius R of the expected feature norm of ¢(x), the
radius D of the parameter norm, the sample size n, and the optimal unconstrained parameter vector 6*.

(63)

Discussion

This section combines our work on linear models with complexity theory. By applying Rademacher
techniques to linear predictors constrained by ¢ norms, we derived the explicit Linear Generalization
Bound (Eq. : Excess Risk < GR(||6*||s — D)+ + %. This bound depends on the parameter norm
D and feature norm R rather the input dimension d. This proves that we can learn effectively even in
infinite-dimensional spaces, provided that our data and parameters have small norms.
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Ch. 5 - Optimization for Machine Learning

Preliminary Definitions

A differentiable function F' is said to be p strongly-convex with p > 0, iff

F(n) 2 F(6)+ F'(6)T (n—6) + 516~ nl3, 0.0 € R* (64)
A differentiable function F' is said to be L-smooth iff

[F(n) — F(0) = F'() " (n - )] < §||9 —nl3, V,neR? (65)

A twice-differentiable function F : R? — R is convex § € R? iff its Hessian is positive semidefinite:
z F"(0)xz >0, VzeR? (66)

A twice-differentiable function F' : R? — R is p-strongly convex iff its Hessian satisfies the positive
semidefinite condition with p > 0:

z F"(0)x > plz|?, VoeR? (67)

A twice-differentiable function F : R* — R is L-smooth iff its Hessian satisfies the positive semidefinite
condition:
¢ F"(0)x < L|z|3, Yz eR? (68)

For a parameterization {fp}scre and a regularizer Q2 : R¢ — R, the function F : R? — R is called the
Objective Function:

1 n
F(0) =~ i fo(x:)) + Q) (69)
i=1
We note a convenient consequence of convexity:

If F: R - R is convex and A : R — R? is affine, then F'o A: R? — R is convex (70)

Derivations and Further Definitions

We can restate excess risk in estimation error as in Eq.[47] with the central term restated as optimization
error:

{Rtgs) - jut, R} (M)

which will equal zero if 6 is the minimizer of R.
If we attempt to minimize our objective function F : R? — R, mingcra F(6), we take 6 € R and make
use of the Gradient Descent algorithm for ¢ > 1:

Op = 01 — 1 F'(0;—1) (72)

where v; > 0 is the step size. When Gradient Descent is used to minimize the empirical risk ]:Z( fo) =
% Soi (yi, fo(z;)), computing the full gradient F’(6;_1) requires accessing the full dataset to compute
all individual loss gradients and take the mean.

We can parse some critical elements of gradient descent through its applications to OLS, where our
objective function takes the form F(6) = 5-|®60 — y|3 with ® € R"*¢ as the design matrix. We can find
the first derivative

1 1 1
F'(f)= =0T (P —y)= -0 dh— —d'y
n n n
from which we derive the Hessian

1 1 1
H=F") = 0 0 [@Tw} _ 9 {@Ty} =_—0'®c R
n

= PO = -

n a0 | n
We are looking for the optimal solution n*, characterized by the zero gradient condition: F’(n*) = 0, or

1 1
—o et =—d'y
n n
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We have F'(n*) = Hy* — L& Ty, and as F'(n*) =0, Hn* = 2@y, so we restate

F'(0) = HO— Hy* = H(0 — ")

We note that as per Eq. as H is independent of 6, F' is convex. We further assume that the Hessian
is bounded in [u, L] as per Eq.’s and define the condition number:

L

where we note that p and L are the smallest and largest eigenvector of the Hessian, respectively.
We return to gradient descent from Eq. [72] on OLS, wherein we substitute the Hessian and optimal
solution

0r =01 —yH (01 —n")
from which we subtract the optimal solution
0y =0i1y —~vHO;_1 +~vHn"*
O —n" =01 —yHO;—1 +~vHn" —n"
= (I —~yH)8;—1 — (I —yH)n*
= —vH)(0r-1—1")
which after ¢ steps becomes
Oy —n" = (I —vH)" (6 — ")
This shows that the deviation from the optimal solution is multiplied by the matrix (I — vH) at every
step.
Aslzzve assume that the eigenvalues of H are in [y, L], the eigenvalues of (I —vH) are in [1 —vL, 1 —~pu].

Therefore the squared distance to the optimum, |§; — 7*|3, is bounded by analyzing the magnitude of
the largest eigenvalue of (I —vH)':

2t
0; —n*|3 < [ max |1 -7\ 0o —n*|3
o=l < (g - 21) 10—

From this emerges that maxye(,,z) |1 — ]| is minimized when the step size is set to the Optimal Step
Size:

y=— (74)

2t
and as such the convergence rate is o< (:—f&) .

Discussion

We established the fundamental definitions of the objective landscape, Strong Convexity (u) and L-
Smoothness, which act as lower and upper quadratic bounds on the function, respectively.

By analyzing Gradient Descent on the concrete case of OLS, we derived the Optimal Step Size v = MJ%L
(Eq. . This derivation is significant because it proves that the convergence speed is determined by
the eigenvalues of the Hessian (I —vH). This establishes the Condition Number x = L/ as the critical
factor: if the Hessian’s eigenvalues are spread out (k > 1), the optimal step size must be small to

accommodate the sharpest direction, slowing progress in the flattest direction.

Ch.s 5.2.2-3 - Convex Functions and Their Properties, Analysis
of Gradient Descent for Strongly Convex and Smooth Functions

Preliminary Definitions

Lojasiewicz’s inequality states that if F' is differentiable and p-strongly convex, with unique minimizer
n* characterized by F’(n*) = 0, we have

IF"O)]13 > 2u(F(6) = F(n.)), V0 € R (75)
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For F : R* — R convex and p is a probability measure on R%, we define Jensen’s Inequality in the
Continuous Case:

F( Rdedﬂw)) < /R F(O)du0) (76)

Derivations and Further Definitions

It is worth noticing that when a function is both smooth and strongly convex, we can observe the
condition number (Eq. K= % >1

We can take Eq.[I]in the context of n* and rearrange to arrive at convexity with a global minimizer:
F(0) = F(n") < F'(6)" (6 —n") (77)

This form gives us an upper bound on the distance to the optimum, F(6) — F(n*), bounded by the inner
product of the gradient F'(6) and the vector from the optimum in the direction of the current point,
(6 —n*). In addition, any stationary point can be the global minimizer.

We note from Ex. 5.5 that when an objective function F is convex, F + &|| - ||3is p-strongly convex.
We tie the previous elements of Ch. 5 together in a proposition on Convergence of GD for smooth
strongly convex functions: Assume that F' is L-smooth and p-strongly convex. Choosing v; = 1/L,
the iterates (6;)i>0 of GD on F' satisfy

F(8) ~ Fn) < (1= 2 (F(80) ~ Fn.)) < exp(— D) (F(Bo) ~ F(n.)) (78)

We can arrive here by applying the L-smoothness inequality to Eq.’s and at 6;_, for the next
iterate 0, = 0,1 — %F’(Gt,l):

F(Gt) == F(@t,l - FI(Qtfl)/L)

< F(B2) + F0) T (FO)/D) + 5 |-F (6 /L

= F(0) ~ TIF 63 + 57 |F 013
F(0) < FO) — 5 |F/0 )3
F(8) ~ F(y') < F(Ber) = F(r') — 52 |F'(60)]3
IF'O)]3 > 2(F(6) ~ ()
F(8) ~ FOr*) < F(B1) ~ Fr*) — 57 [2u(F(81) — Fr'))]
F(0r) = i) < (1= 2) (F(0i1) = F(r))

F(6,) — FOp') < (1 - 1) (F(Orr) — F ()

R

Recursion on ¢ brings us to Eq.

Proofs

Exercise 5.5: Show that function F : R? — R is u-strongly-convex if and only if function 6 —
F(0) — £]10]|3 is convex.
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Assume F is a differentiable function
I
Let G(0) = F(0) — §||9||§
G'(0) =F'(0) — uo
F'(0) =G'(0) + ub

Assume F' is p-strongly convex:
F(n) = F(0) + F'(6)" (n—6) + Slln - 6|3
(G +ElmlE) = (GO + S1013) + (&'0) + u0) (= 0) + 5 In — 013
Elin =015 =& (Inl3 2076 + 013)

pd " (n—0)=pun'0— pl|6)3
n 7 1 u
G(n) + §||?7||§ >G(0) + §||9H§ +G(0)"(n—0)+ (un"0 — pl|0]3) + 5“?7\\5 —pn ' 0+ §||9H§

G(n) + Gl = GO) + GO (- 6) + 5 3
Gn) = G(0) +C'(0) (n-0)

.. G is convex

Assume G(0) = F(0) — §||9||g is convex
(P = Zlmli3) = (£0) = 1013) + (7/(6) = 1) (n — 6)
F) = F(6) + F'(6)T (1= 6) — u " (= 6) + Snll3 = 51013
a6 (= 6) + Sllnl3 = S1613 = (—pn" 0+ ull6113) + i3 - S 1613
Elinli3 = ™0+ (ullol3 - S1013)

W
= L (i3 — 2070+ 1013)

F(n) > F(0) + F'(9)T(n—6)+ 5 (Inll3 — 2076 + 6]3)
F(n) = F(0) + F'(6)" (n - 6) + Slln - 013

. Fis p strongly convex

. F is p-strongly convex iff G(0) = F(6) — 4]|0]|3 is convex [
Exercise 5.6: Show that if function F' : R? — R is p-strongly-convex, then it has a unique minimizer.

Assume that a global minimizer exists in R?. Assume that I possesses two distinct global minimizers,
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n* and 6%, s.t. n* # 0*. This necessitates: F(n*) = F(6*) As a consequence of u-strong-convexity:
F'(n*)=0and F'(6*) =0
F(n) > F(9) + F'(6)" (- 6) + 5 lln — 03
for n =n* and 0§ = 0~
F(n*) 2 F(0*) + F'(6*) " (" — 6") + gHU* - 073
F'(6*)=0
we get F(n") 2 F(9") + Gl - 6|1
for n = 6" and 0 = n*
F(0") = F(y") + F'(n*) (0" — ") + %H@* =" [I3
F'(n) =0
we get F(6%) 2 F(n*) + 10" =o'
FO") = F(n")
Fr) = Fn') + Sl = 6713
F™) = F(n*) = F(n") + g\ln* — 03— F(n")
0> Sln" — 073

by p-strong convexity we have pu > 0

Sl =673 =0
,'7* — 9*
but n* # 6*

. n* must be unique OJ

Discussion

Here we formalized the intuition from the OLS case into a general proof for all L-smooth, p-strongly

convex functions. We derived the explicit Linear Convergence Rate F(6;) — F(n,) < (1 — l)t (F(60) —

- K
F(n.)) (Eq. [78)). This result confirms that ”conditioning” is the speed limit of gradient descent. When
k & 1 (spherical geometry), the error contracts rapidly. As k — oo (elongated valleys), the term (1—1/k)

approaches 1, and convergence stalls.

Ch. 5.2.5 - Beyond Gradient Descent

Preliminary Definitions

We can extend our convex optimization techniques with that of Nesterov’s Accelerated Gradient Descent,

which is characterized by a two-sequence iteration with a 'momentum’ term. We define the extrapola-

tion parameter [; as a weighting factor that determines the influence of the previous trajectory on the

current iterate (‘'momentum’). In the smooth convex setting p = 0, this parameter is time-dependent:

B = L‘r—; In the smooth strongly convex setting p > 0, the parameter is fixed based on the condition
1—+/p/L

1+ ,u/L.

number kK = L/u: =

Derivations and Further Definitions

The algorithmic framework for Nesterov AGD [2] utilizes two coupled sequences, 6; and 7, initialized
s.t. 6y = . Proofs are omitted and we will instead here summarize Nesterov’s results.
For an L-smooth, p-strongly convex objective function F, 6, is computed via a gradient step from the
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auxiliary sequence 7;_1, which is then followed by the update of the auxiliary point through extrapolation:
0, = L F'( )
t =M1 7 Nt—1

_g o LovwL
nt—6t+1+\/m(0t 0i—1)

By performing gradient evaluation at the extrapolated point 7;_1 rather than 6;_;, the method achieves
a linear convergence rate:

F(6y) — F(n") < exp(—ty/p/L)(F(0o) — F(n"))
This effectively improves the characteristic time of convergence from  to /.

For L-smooth convex functions lacking strong convexity (u = 0), the algorithm uses a specific schedule
for the extrapolation parameter to ensure accelerated sublinear convergence:

1
O =np—1 — ZF/(Utfl)

t—1
e =0 + m(et - et—l)

This sequence establishes that the objective function sub-optimality decays at a rate of O(1/t?), satisfying

the bound F(0;) — F(n*) < %.

Discussion

We identified that standard Gradient Descent is not information-theoretically optimal; its dependence
on k is too strong. By introducing Nesterov’s Accelerated Gradient Descent, we utilized a momentum
term via the auxiliary sequence 7; to correct the trajectory. The result is a fundamental improvement
in the convergence rate: for strongly convex functions, the dependence improves from exp(—t/k) to
exp(—t/y/k). For general convex functions (u = 0), it improves from O(1/t) to O(1/t?). This suggests
that respecting the local geometry (via momentum) allows us to beat the standard gradient descent
barrier.

Ch. 5.3 - Gradient Methods on Non-Smooth Problems

Preliminary Definitions

With F : R = R as a convex function, the set of vectors z that serve as the slopes of lower-bounding
tangents to the function at the point @ is called the subdifferential, denoted:

OF(0)={zecR:¥neRLF(n) > F@O)+ 2" (n—10)} (79)

A subgradient is defined as any arbitrary element z selected from this subdifferential set.
We can describe a function F : R — R as B-Lipschitz-continuous iff the magnitude of the change in
function value is linearly bounded by the distance between points, specifically:

|[F(n) — F(0)] < Bl —0]2,Y0,1 € R? (80)

Derivations and Further Definitions

If we consider a function that is B-Lipschitz-continuous but is not differentiable, we can consider non-
smooth optimization using a subgradient method. The subgradient method proceeds iteratively,
utilizing any selected subgradient z; € OF (6;—1) as the descent direction, usually defined as 6; = 6;_; —
~Y¢2t, where v > 0 is the step size.

Expanding the squared distance to the minimizer n*:

16 = 1* 115 = 110e—1 — 07113 — 27e2/ (Oe—1 — 1) + 7| elI3
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Using the subgradient definition F(n*) > F(0;_1) + 2 (n* — 0;_1) and the Lipschitz bound |z|s < B:

100 = 7113 < 10e-1 = 07113 = 2%[F (61-1) = F(n")] + 7 B2 (81)

Rearranging to isolate the error term and summing over ¢ steps:

t t t
23 YlF(Os1) = F(")] < (101 — 013 — 10 — 0" [3) + B> > 2
s=1 s=1

s=1
The first sum telescopes to |6p — n*|3 — |0; — n*|3. Assuming |0y — n*|2 < D and dropping the negative
term:
t ¢
2> 7slF(6s1) —F(n")] < D>+ B*) 42
s=1 s=1
We bound the minimum excess error ming<s<(F(0s) — F(n*)) using the weighted average:
D my 2

o?ggt(F(es) —Fr) < 23 o1 s

Choosing a diminishing step size v5 = we bound the series:

D

B
2 2

Ly = <D (l4logt) 2. Y =230, = = gVt (Using loose lower bound

s ? 2V

Substituting these into the error bound:

) . D? + D*(1+1ogt) DB(2+logt
min (F(6,) — F(y)) < 22 Ltlosl)  DBEL logt)
<s<t QE\/E 2\/%

This demonstrates a convergence rate of O(k’%)

We can eliminate the logarithmic factor to achieve O(1/+/t) by optimizing the step size choice. Instead
of the decaying schedule 7, < 1/4/s, we select a constant step size « fixed in advance based on the total
number of iterations ¢.

Starting from the general bound derived above:

. oy o D2 BP0
min (F(8,) ~ F(y) < Dl e
=850 2 Zs:l Vs

If we set a constant step size s =~ forall s=1...¢:

< D2 + B2t’)/2 B D2 BQ,Y

- 2ty - 2ty 2
Minimizing this expression wrt 7 yields the optimal constant step size v = BL\/{. Substituting this back
into the equation:

- < +
D
2t (27)
Thus, with a tuned constant step size, the convergence rate is O(1/v/t)
We note that if the non-smooth objective function F' is also p-strongly convex, the convergence rate

improves significantly. By adopting a step size of 7; = —2=, it can be shown (proof omitted) that the

w(t+1)°
error bounds decay at O(1/t) rather than O(1/v/):

BN AN AN

p B (%) b DB DB
2

F6) - For) < 22

G =
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Discussion

As per Eq. [61] for convex Lipschitz-continuous losses for linear predictions with feature ¢3-norms smaller
than R and a parameter bounded in the ¢;-norm by D, the estimation error for the empirical risk mini-
mizer is upper-bounded by a constant times GRD/+/n. We now extend this to see that the optimization
error after ¢ iterations of the subgradient method is upper-bounded by a constant times GRD/+/t since
the Lipschitz constant of the objective function is B < GR. The combination of these facts indicates
that iterations ¢ need not be larger than the number of observations n.

Ch. 5.4 - Stochastic Gradient Descent

Preliminary Definitions

A telescoping sum is a finite series in which subsequent terms cancel each other out, leaving only the
initial and final boundary terms. For a sequence of numbers (ay), the sum telescopes as follows:

T
Z(akH — ak) =ar4+1 —ay (83)
k=1

Derivations and Further Definitions

For gradient descent on F\(6) = 1 3" | U(y;, fo(x;))+Q(6), we must compute the gradient F’(6;_1) across
the full dataset on each iteration. We can instead use the unbiased stochastic estimate g;(6;_1) over
a subset of the data s.t.

Elge(0¢—1)10:-1] = F'(01-1) (84)

which we can use in the Stochastic gradient descent (SGD) algorithm: take a step-size sequence
(7t)¢>0, pick by € R4, and for ¢t > 1, let

Oy =01 — ’Ytgt(et—l), (85)

where g;(0;_1) satisfies Eq.

We can look at SGD in the contexts of Empirical and Expected Risk Minimization. Empirical (R):
When the objective function F(6) is the empirical risk, R(6) = LS Uyi, fo(x;)), the stochasticity
is introduced by sampling an index i(t) € 1,...,n and using the gradient of the loss for that single
sample. Expected (R): When the objective function F'(6) is the expected risk, R(6) = E[¢(y, fo(x))],
the stochastic gradient g; is derived from a new, independent observation (zi, y:), which is the gradient
of the loss £(yz, fo(xy)).

If we assume the unbiased behavior of Eq. [84] as well the bounded gradient
lg:(0""1)|3 < B®> almost surely (86)

both for V¢t > 1 we can derive some interesting Convergence of SGD results: Assume that F' is
convex, is B-Lipschitz, and admits a minimizer 6, that satisfies |0, — 0yl|]2 < D, with our previously
stated assumptions. Choosing v, = (D/B)/v/t, the iterates (6;);>0 of SGD on F satisfy

2+ log(t)
Wt

It is noted that Agarwal et al. [3] that the bound in O(%) is optimal for this class of problem (having

E [F(6,) — F(6.)] < DB (87)

a better convergence rate is impossible).

We can extend our convergence with a constant step size v instead of a strictly decreasing one when
the optimization horizon T' is known. This approach derives from summing the fundamental descent
inequality over T steps:

1 _ " " 1
SE[0 0B B [0 0°B]) + 2B
For a constant step size v; = <y, the summation yields the bound for the uniformly averaged iterate
Or = % Zle 0>t

VE[FOY) - F(97)] <
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T
1 s—1 * D2 ’YBQ
T;E[F(e J=FO) <ot 5

By optimizing this upper bound with respect to 7y, the optimal constant step size is found to be v* =
D/(BY/T). Substituting this optimal step size back into the expression minimizes the right-hand side,
resulting in a cleaner convergence rate:

DB

\/T

By tuning the constant step size based on the known horizon T', we derive a pure O(1/+v/T) convergence
rate.

This convergence rate allows us to compare SGD and GD wrt Empirical Risk Minimization problems
defined over a finite dataset of n samples. For convex Lipschitz-continuous loss functions, the general-
ization error of the precise ERM solution is often bounded by O(1/4/n), as established by complexity
measures such as Rademacher bounds.

If SGD runs for ¢ = n iterations (corresponding to a single pass over the data), the resultant predictor 6,
achieves an expected excess risk bounded by O(DB/+/n), which matches the statistical generalization
capacity of the ERM problem itself.

The initial assumption relies on almost sure boundedness of the stochastic gradient magnitude,
|g:(0*=1)|3 < B2. The analysis remains valid if the assumption is weakened to require the gradient to be
bounded only in expected squared norm rather than almost surely:

E[F(0r) — F(0")] <

Efllg: (0"~ )3] < B2

Proofs

Proof for Convergence of SGD (Eq.
We denote D? = |0° — 0,3 as the squared distance of the initial iterate to the optimum. Starting with:

10 = 0.3 = 10""" — 794(6"") — 6.3
ja—bl3 = lal3 —2a" b+ [b]3
0 — 07 = [0 — 0°[3 — 2y00u(6 )T (01— 0°) + 22l (0B
Next, we take the conditional expectation with respect to F;_1 (the history up to iteration ¢t — 1):
Bll0° — 0* 3| F—1] = 107" = 0[5 — 2% Elge (0" (071 — 0%)[Feea] + 17 Ellge (0 )31 Fe-1]
Applying E[g:(0'")|Fe—a] = F'(6°"1), and E[|g:(6"1)[3|F-1] < B*:
E[0" — 0" 3| Fi1] < |01 — 0[5 — 2 F' (0" 1) T (0" — 0%) + 47 B?
The convexity of F' implies:
PO = F(0) < F(0)T (0 = 07)

Substituting this convexity bound into expected squared distance relation, we isolate expected excess
error, take the full expectation E[-] by the law of total expectation (Eq. and again isolate expected
€XCess error:

Bl0" — 0" 3| Fa] <077 = 073 — 27, [F(0""") — F(67)] + 7 B?

B0~ 0°[3] < E[0" — 03] - 20 B[ (6') — F(8°)] 4 47
WB[F(O") ~ F(6°)] < 5 (B0 — 03]~ B6 — 0°3]) + 527 B

We sum this inequality over s =1 to ¢ (replacing ¢ with s in the indices):

Z% P(6°") — F(6")] < = (E[|6° — 6" 3] — E[l6' — 6°[3]) + BZZ%

N | =
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The first term on the right-hand side is a telescoping sum. Since E[|0! — 6*|3] > 0 and |0° — 6*|3 < D?:

t t
s—1 * 1 2 1 2 2
— < — —
552175E[F(9 )—F(6)] < 2D + 2B E Vs

s=1

We utilize Jensen’s inequality (Eq. for F applied to the average iterate 6t = S L . Zi:l 0571
s=1

B[F(9")] - F(0") < Z% F(0°~") = F(0")]
Zs 17s s=1

Combining the bounds:
%DQ—F lBQZS 1,)/&2
Zs:l 75

To achieve the desired convergence rate, we select the constant step size v, = 7 for all s (based on t),

following the successful constant step size choice from the subgradient method: Choosing v, = v = BL\/E’

B[F(9") - F(6")] <

we calculate the numerator and denominator:

S
5:1%_ Y= B

t 2 2
Z'VQZt'VQ:ti:g
s B2t B2

s=1
Substituting these back into the bound:

_ ip? 4+ 1p20; D? DB
t * 2 2 B
E[F(0") — F(0")) < z = 5a =

Discussion

To achieve the O(1/4/n) rate, Batch GD requires O(n) iterations, with each iteration computing the
full gradient over all n samples (complexity O(nd) per iteration), resulting in a total computational
complexity of O(n?d). Single-pass SGD requires n iterations, with each iteration sampling only one data
point (complexity O(d) per iteration), resulting in a total complexity of O(nd). Therefore, SGD achieves
the optimal statistical rate with a computational complexity that is O(n) times faster than batch GD.

Ch. 5.4.1 - SGD in Strongly Convex Problems

Derivations and Further Definitions

We assume the objective function G(0) = F(6) + £|6|3, where F is convex, is minimized, and let 6*
be the unique minimizer. We assume the stochastic gradient g;(6*~!) satisfies the unbiased condition
Elg:(0'=1)]0*'] = F'(#'~1) and the bounded variance condition E[|g;(0*~1)|3] < B? (or almost sure
boundedness).

The SGD update rule for the strongly convex problem is given by incorporating the gradient of the
quadratic regularization term 46|3:

Or = 01 — Yelge(0"") + pb* ]
We begin with the expected squared distance of the iterate 6; from the optimum 6,:
B0 = 6.13] = El|6s-1 — 7:(g:(6"") + u6""1) — 67[3)]

Expanding the square and taking the conditional expectation with respect to the history F;_; (using
the law of total expectation (Eq. later for the full expectation), and applying the unbiased gradient
assumption E[gy(6'71)|0'71] = F'(6*~1), we arrive at the standard descent inequality structure (here
applied to G'):

El6: — 0" 3| Fim1) < [6—1 — %3 = 23G/ (6" )T (0" = 0%) + 77 Ellge(6' ") + '~ | Fyi]
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For the strongly convex objective G(6), we use strong convexity rewritten in terms of G':
Gl(et—l)T(et—l _ 9*) 2 G(et—l) _ G(e*) 4 g|9t—l _ 9*|§

Substituting this and incorporating the bound on E[|g;(0'~1) + u6'~1|3|Fy_1] < 4B? (which holds if g;

is bounded and 6;_; is bounded, w/ overall term bounded by 4B? as the update involves puf;_1), and

taking the full expectation, we obtain:

B|6; — 0"[3] < B[|6:—1 — 07[3] — 2% E[G(0"™") — G(67)] = %uB[|0" - 07 [3] + 477 B2
Rearranging for the expected excess risk term E[G(6'71) — G(6*)], we get:

BIGO'™") = GOM)] < 5 (1= wpw)E[0"™ — 07 [3] — B[6" — 0°[3]) + 277 B

DN | =

We select decaying step size vz = 1/(ut). Substituting this choice:

;Emwh”‘““”fi(@—i)ﬂw*—ma—EWtw%0+a£ﬁ

Multiplying by 2ut:

BGO) ~ (07 < e (1 7 ) Bl — 07 - B 071 ) + 42

Take &; = E[|0" — 0*|3]. Using this to rewrite the first term on the RHS, we get:

t—1
< 5t 1 — 6t) - (t - 1)5t—1 - t5t

Summing the full inequality over s = 1 to ¢ yields:

t t t

4B?
Z [G(951 Z 3—1 1—865)+ ﬁ
s=1

s=1 s=1

The first sum is a telescoping sum. With the assumptions that dy = [#° — 6*|3 is bounded and ¢4, is
non-negative, the sum yields 0 - §o — td; < 0.

S EGEHH -G <0+ 4—3227

From the bound for the harmonic series Zi:l % < 1+logt and Jensen’s inequality for 8, = % ZZ:l g1
we can arrive at:

E[G() — G(6")] < ‘%(1 +log)

This establishes the O(@) convergence rate for the uniformly averaged iterate of SGD on strongly
convex problems.

Discussion

When we add Strong Convexity (u) to the SGD setting, we fundamentally change the convergence

behavior. With a decaying step size v: = 1/(ut), the error decays at a rate of O(loft). This is an

improvement over the general convex rate of O(1/v/1), and demonstrates that the curvature u helps
SGD ”lock in” to the minimum more effectively, even in the presence of noise. However, the presence
of noise variance B? means that we are fundamentally limited by the variance of our gradients and can
never achieve the exponential convergence of deterministic gradient descent.
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Ch. 5.4.3 - Bias-Variance Trade-offs for Least-Squares

Preliminary Definitions

Define a joint distribution on (z,y) € X x R, the linear model y = ¢(z) 0, + ¢ with feature map
¢ : X = R? and optimal parameter vector 6, € R%.
LMS Recursion: SGD update rule as applied to the quadratic loss

L0007 o)) = 5y — 07 o)) (59)

Uniformly Averaged Iterate: The mean of all previous iterates

t
_ 1
0, = — 0, 89
¢ ts=z1 1 (89)

Mahalanobis Norm: The squared norm of the inverse covariance matrix ¥ = E[p(x)p(z) ], used to
measure the distance of the initial bias, with A = (9 — 0.)

JAR- = ATS A (90)

Derivations and Further Definitions

Consider LMS recursion (Eq. with constant step size v: 0; = 0;_1 — y(0, ;0(z¢) — yi)o(xs). If we
assume y; = p(z;) ' 0, + €, we can subsequently decompose the error of the averaged iterate 7j; into
separate bias and variance components:

Bias Component: This captures "forgetting’ of initial condition 1. Through expanding/unrolling LMS
recursion with v < 1/R? (where ||¢(x)|3 < R? almost surely), bias decays at an accelerated rate:

_(bias 1
176 = 0.1 < 5l = 0413 (91)

Variance Component: This captures the impact of 02 noise . The variance is bounded by:

2
_ o“d

Ellla"" — 0.13) < = (92)

Dimension-Free Extension: If we wish to extend the above to infinite-dimensional spaces, variance

can be re-characterized by tr[X] = E[||p(z)]|3].

Discussion

The analysis of bias-variance trade-offs in the domain of averaged SGD with quadratic losses indicates
that the variance term # asymptotically approaches the efficiency of the batch OLS estimator. Unlike
standard SGD, which converges to the noise-limited region O(7), use of the averaged iterate with constant
step size allows for convergence to the exact global minimizer 6,. Averaging enables the bias term to
decay at O(1/t?) rate when the initial distance is measured in the X~! norm. These results provide a
basis for dimension-free guarantees, as the variance can be re-characterized using tr[%], which depends

on the properties of the feature map ¢ rather than the explicit dimension d.

Ch. 5.4.4 - Variance Reduction

Derivations and Further Definitions

Take an objective function F'(6) defined over a dataset of size n:
RUEES )
n i=1 Z

where f; : RY — R is the loss associated with the i-th data point. We assume that F is p-strongly
convex, each component function f; is R2-smooth, meaning its gradient is R2?-Lipschitz continuous,
where R? = max; L; is the maximal smoothness constant of f;, and the unique minimizer of F() is n*.
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The SAGA algorithm is a variance reduction technique that employs a table of previously calculated
individual gradients to maintain an unbiased yet low-variance stochastic gradient estimate. At iteration

t, an index i(t) € 1,...,n is selected uniformly at random, and the update for the parameter vector 6 is
given by:
1S~ -1 D)
Op =01 —7 [fi/(t) (0:-1) + . Zl Z ~ Zi) (93)

(t-1)

fi’( ) (0:—1). Under strong convexity, this method achieves linear convergence to the optimum, with a rate

® _

where z is the last stored gradient for the i-th function, and the table is updated by setting Zit) =

that depends on the number of samples n and the condition number k = L/u:

E[F(6;) — F(n*)] < C <1 — min {i Z})t ~ Cexp ( min {; Z} t) (94)

This explicitly bounds the number of iterations required for finite sums.

For finite sum problems that are convex but not strongly convex (u = 0), variance reduction methods
(such as SAGA) achieve a convergence rate of O(n/t), which is faster than the standard SGD rate of
O(1/+/1) for high-precision regimes.

Discussion

Here we addressed the previously discussed limitation of standard SGD from Ch. 5.4.1: the gradient
noise prevents linear convergence. The SAGA (Eq. algorithm resolves this by introducing a memory
term (z;) to reduce the variance of the stochastic gradient estimate as the algorithm progresses. By
ensuring that the variance goes to zero as we approach the optimum, SAGA recovers the fast linear
convergence rate (Eq. characteristic of deterministic methods, without incurring the full cost of
Batch GD. This represents modern state-of-the-art (SotA) algorithms that are statistically efficient (like
SGD) but converge exponentially fast (like GD) by intelligently managing gradient information.

Ch. 5.5 - Conclusions on Convergence Rates

Summary Tables

In Table (1] we categorize convergence rates based on the geometry of the objective function (Convex vs.
Strongly Convex), its regularity (Smooth vs. Nonsmooth), and the nature of the algorithm (Deterministic
vs. Stochastic). In the tables below, L represents the smoothness constant, u the strong convexity
constant, and B the Lipschitz constant.

Table 1: Convergence Rates (Excess Error after ¢ iterations)

Convex Strongly Convex
Deterministic: 1/v/t (Sec. 5.3) Deterministic: B?/(tu) (Eq.
Non-smooth Stochastic: 1/v/t (Sec. 5.4) Stochastic: B2/(tu) (Sec. 5.4.1
Deterministic: 1/¢* (Sec. 5.2.5) | Deterministic: exp(—ty/p/L) (Sec. 5.2.5)
Smooth Stochastic: 1/v/t (Eq. Stochastic: L/(tp) (Sec. 5.4.1)
Finite Sum n/t (Sec. 5.4.4) exp(—min{1/n, u/L}t) (Eq. [94)

We can invert these formulas to determine the computational complexity with the number of gradient
accesses t required to achieve an excess error of €, shown in Table [2}

Discussion

The convergence rates in Tables [1] and [2] give us useful results on optimization.

The Acceleration of Strong Convexity. Strong convexity (1 > 0) fundamentally changes conver-
gence speeds. In the non-smooth regime, it improves the rate from O(1/v/t) to O(1/t). In the smooth
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Table 2: Computational Complexity (Iterations ¢ to reach error €)

Convex Strongly Convex
Deterministic: 1/€> Deterministic: B2/(epu)
Non-smooth Stochastic: 1/ Stochastic: B2/ (epu)
Smooth Determlnls'tlc: 1/2\/E Determlnlstlc:. V/L/plog(1/e)
Stochastic: 1/e Stochastic: L/(eu)
Finite Sum n/e max{n, L/u}log(1/e)

deterministic regime, it enables the transition from polynomial convergence (O(1/t?)) to linear con-
vergence (exp(—t+/p/L)). This justifies the use of ¢y-regularization to induce favorable geometry for
exponential optimization speed.

The Speed Limit of Non-smoothness. Non-smoothness imposes a hard ceiling on performance. Re-
gardless of the algorithm, non-smooth convex problems are generally bound to O(1/+/%) rates (complexity
O(1/€?)). Even with strong convexity, they cannot achieve the exponential convergence characteristic
of smooth problems. This quantifies the computational cost of using non-differentiable objectives like
Hinge loss or L1 regularization.

Deterministic vs. Stochastic Trade-off. While deterministic methods offer superior theoretical
rates (e.g., 1/t? vs. 1/+/t for smooth convex problems), they incur an O(n) cost per iteration. Stochastic
methods, costing only O(1) per iteration, are often computationally superior for moderate precision
regimes where € ~ 1/y/n.

Variance Reduction. The ”"Finite Sum” results show how variance reduction techniques (like SAGA)
resolve this trade-off. By exploiting the sum structure, they achieve the exponential rates of deterministic
methods (exp(—t)) without the full O(n) per-step cost, making them the standard for high-precision
finite-sum optimization.

Ch. 14.4 - PAC Bayes

Preliminary Definitions

Shattering: Let F be a class of binary classifiers that maps input X to labels in {—1,1}. F shatters
S C X if every binary labeling of S is achievable by some f € F.

Vapnik—Chervonenkis (VC) dimension: The VC-dimension of the hypothesis class F, VC(F), is
the largest integer n s.t. 3 a set of n points in X that can be shattered by F. If sets of arbitrary size
can be shattered, then VC(F) = cc.

Radon—Nikodym derivative: Let X be a measurable space that consists of set X and o-algebra M x,
and let ¢ and v be measures on X (possibly infinite in R, or finite in C). Take measurable function f
(with real or complex values) on X. f is a Radon-Nikodym (RN) derivative of u w/r/t v if, given any
measurable A C X:

u(A) = /A fv = / RGO (95)

(This exists if p is absolutely continuous with respect to v; any event with zero probability under v also
has zero probability under p)

Kullback-Leibler (KL) divergence: Given measurable space © (6 € O) and probability distributions
p and g on O, if EIZ—Z (Eq. , KL-divergence D, is defined as:

Dic(plle) = [ 1og (flg’(o)) ap(0) (96)

Donsker-Varadhan Formula: For any measurable function h: © — R s.t. [e"dg < oo where P(O)
is the set of all probability measures on O, the logarithm of the expectation w/r/t ¢ satisfies:

og | exp(00)dn(6) = sup. [ [ 10160 - D ol) (o7)
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Gibbs Posterior Distribution: For parameter s > 0, prior ¢, and empirical risk function 7@, the Gibbs
posterior ps is defined by:
dps N
1= (9) o exp(—sR(6) (98)
q

Derivations and Further Definitions

Randomized vs. Aggregated Predictors: In the PAC-Bayes framework, we begin with a posterior
probability distribution p over parameter space ©. We first consider the randomized predictor,
wherein for novel input x, we sample 8 ~ p to predict fy(z) and take expected risk averaged over p:

| R@)do(6) (99)
©

For the aggregated predictor we make predictions via posterior mean f(z) = f@ fo(z)dp(6).
Convexity and Jensen’s Inequality: If we assume the loss u — [(y, u) is convex for all y, we can apply
Jensen’s inequality to relate randomized and aggregated predictor risks. As R(f) = Ex y)[[(Y, f(X))],
the convexity of I implies that R(-) is convex w/r/t the predictor f. As such if the loss function I(y, -)
in our prediction is convex, Jensen’s inequality guarantees that the randomized predictor risk serves as
a valid conservative bound for the aggregated predictor risk:

R(f) = R (Eo~p[fo]) < Eonp[R(fo)] (100)

Generalization Bound Derivation: Assume that a loss function is bounded almost surely s.t. V6 € O,
I(y, fo(x)) € [0,1s]. For a fixed 6, the difference between expected risk R(#) and empirical risk R(6)
satisfies Hoeffding’s inequality. Recall that for any s € R, , the expectation over the selection of training
data satisfies:

E [exp (S(R(e)) - 7%(9)))} < exp (5;§O>

Integrating this over the prior ¢ and applying the Donsker-Varadhan formula (Eq. with h(8) =
s$(R(8) — R(0)) allows us to bound the risk over the entire distribution P(0):

< <52l§0 >
=~ €xp
8n

Applying the Chernoff bound to the above yields the standard PAC-Bayes generalization bound.
With probability at least 1 — 4§, Vp € P(O):

E

exp ( sup ) <5/@(R(9) —R(9))dp(0) — DKL(P”‘])))

pEP(©

| RO < [ ROMO) + Draol) + 5 log s + ol (101)
e e S S mn

Minimizing the RHS w/r/t p yields the optimal distribution, which is the Gibbs posterior p; (Eq. .
If we substitute p, into the bound, we get:

- 1 1.1 sl
R(0)dps(0) < inf R(8)dp(0) + —-D —log - + —= 102
[ R0 < it { [ RO)000)+ L Dicn(ol)}+ 10w+ 5 (102)
If we choose the scaling parameter s « \/n, we recover the standard generalization error of O(1/y/n).
Consider a finite hypothesis class with m predictors and a uniform prior ¢(f) = 1/m. If we restrict
distributions to Dirac measures concentrated on single parameters, Dy (p|lg) becomes log(1/¢(8)) =
logm. By optimizing s, we recover the standard Empirical Risk Minimization bound:

R(B) < RO) + oo | 22

(103)

n

The above section contains derivations from both Bach [1] and Alquier [4].
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Discussion

The PAC-Bayes structure gives a validation for Bayesian averaging while remaining agnostic on the cor-
rectness of the prior. The generalization bound (Eq. balances empirical risk against KL-complexity
with a confidence term; we minimize this bound to discourage overfitting. The scaling parameter s
is fixed to s = n in standard Bayesian inference, but setting s o /n with PAC-BAYES recovers the
standard O(1/4/n) convergence rate, generally PAC-Bayes seems to require some optimization on s.

We can consider PAC-Bayes as a data-dependent alternative to Rademacher complexity or VC dimension.
Standard learning theory (Rademacher/VC) controls the uniform deviation of the empirical risk from
the true risk across the entire hypothesis class F. As derived in Eq. the bound is the supremum:

E |sup(R(f) — R(f))

feF

< 2R, (F)

This bound is a ”worst-case” approach: R, (F) (Rademacher complexity) measures the ability of the full
class F to fit random noise. This must hold even for the predictor that maximizes the error regardless of
which predictor the algorithm selects. PAC-Bayes, in contrast, bounds the expected risk of a randomized
predictor defined by posterior distribution p.

2

/ R(6)dp(9) < / R(6)dp(6) + ~ Dici (pllg) + ~ log = + o=

) e S S 6 8n

Here, the bound does not need to hold uniformly for all # € ©, but only for the specific p chosen.
The specific advantage of PAC-Bayes lies in the complexity term. For Rademacher/VC, complexity
R, (F) or VC(F) is a property of the hypothesis class architecture. For PAC-Bayes, the complexity
term is the KL-divergence Dk, (p||g). This is fully data-dependent because the posterior p is optimized
after observing data. This allows PAC-Bayes to provide useful bounds in high-dimensional settings such
as over-parameterized neural networks, where the VC dimension would be essentially infinite. Even if the
class is extremely large, if the learning algorithm finds a ”simple” solution (e.g. one close to the prior g),
the generalization error remains tightly bounded. Finally, PAC-Bayes integrates optimization directly
into the bound. Minimizing PAC-Bayes bounds explicitly yields the Gibbs posterior ps o exp(—sR(G)).
This creates a theoretical link between the learning algorithm’s objective (Empirical Risk Minimization)
and the statistical guarantee, whereas Rademacher analysis separates the capacity of the class from the
method used to search over it.

Appendix

References: Unless otherwise noted, the majority of proofs and derivations in this book take inspiration
or direct guidance from either Bach’s text [1] or the Wikipedia article on the relevant subject. That
said, all derivations and proofs were worked through step by step by the author with a diligent effort to
define all relevant techniques and theorems and to build a coherent mathematical narrative from start
to finish.

Uses of Generative A.I. Tools: Anthropic Claude Haiku 4.5 was used to translate some equations into
ETEX as well as general assistance with formatting in this document. Gemini Flash 3.0 was used to
check for errors and omissions in refining draft versions of the worksheet.
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